Abstract: A simple constitutive model for the inelastic response of steel under monotonic and random cyclic loading conditions is developed within the framework of bounding surface plasticity. The particular feature that distinguishes this model from other similar ones is the ability of the bounding surface formulation to describe in a very simple way the initial "plateau" type of perfectly plastic response that many kinds of structural steels exhibit upon initial yield in tension or compression, before hardening begins. The key constitutive element is to assume a fixed nonhardening bounding surface during the plateau response until a cumulative plastic strain threshold is reached, while the yield surface softens isotropically and hardens kinematically. In this way not only monotonic but also cyclic loading within the plateau range can be easily described. Three kinematic hardening rules for the bounding surface are explored. The development is focused on uniaxial loading conditions that are typical in many structural engineering applications employing a fiber-based discretization of the cross section. Several simulations to demonstrate the effectiveness of the proposed model are presented. Finally, its extension to a multiaxial stress generalization is concisely presented for future use.
Introduction
The need to provide an accurate and efficient constitutive model for structural steels under monotonic and cyclic loading conditions is of considerable importance in nonlinear structural analysis. The complexities of variable and cyclic loads due to severe dynamic effects, particularly earthquake induced loading, are in general of random rather than periodic nature, hence, the corresponding constitutive model must have the capability to characterize such features.
In particular for certain types of structural steels and steels used for reinforcement of concrete structures, one must account for the initial "plateau" response under uniaxial stress ͑tension or compression͒ during which the stress remains at a constant level as plastic strain accumulates until it reaches a threshold e pl p beyond which the material hardens, as shown schematically in Fig. 1 . Upon reverse loading, the fact that plastic deformation begins quite before the stress reaches the plateau in the opposite direction, shows that the elastic range has diminished during the plastic deformation while the plateau stress level is kept fixed. This is a case of isotropic softening in combination with kinematic hardening in the terminology of plasticity and is illustrated by "Loop" 1 in Fig. 1 . Open and solid small circles in Fig. 1 identify the yield points toward extension and compression, respectively. Considered in open/solid pairs these small circles represent the yield surface ͑henceforth abbreviated as YS͒ in uniaxial loading. Once the plateau is "spent," so to speak, the steel begins to harden nonlinearly while the elastic range begins to increase again slowly revealing an isotropic hardening process following the previous isotropic softening ͑reduction of elastic range͒ during the plateau phase. The reasons for such nonlinear hardening beyond the plateau are the aforementioned isotropic hardening and mainly a nonlinear kinematic hardening revealed by reverse loading illustrated by the Loop 2 and the unloading Stress-Strain Curve 3 in Fig. 1 . Experimental evidence of the illustration presented in Fig. 1 is abundant in the open literature, but it is of particular interest to refer to the experiments conducted by Mamaghani et al. ͑1995͒ because they focus on the plateau response under both monotonic and cyclic loading, confirming the foregoing discussion on the material response.
Most existing approaches to represent uniaxial stress-strain response of structural steels in nonlinear structural engineering analyzes are based on empirical models ͑e.g., Kunnath et al. 2009͒ . While such models attempt to capture the aforementioned complex cyclic behavior through elaborate loading and unloading rules, they are difficult to implement in computer programs and sometimes lead to erratic behavior under random cyclic loading due to inherent limitations to consider all possible variations of unloading-reloading scenarios. Plasticity theory, on the other hand, has the ability to incorporate this response in models which are not only uniaxial but also multiaxial. While many models exist, it appears that the particularities of the steel response to show first an isotropic softening in combination with kinematic hardening in order to obtain the plateau response before it resumes the usual isotropic and kinematic hardening, is not an easy task for a complete plasticity model which is simple enough to be used in practical applications while it can also be generalized to multiaxial stress loading. The development of such a model is the main objective of this work. In order to accomplish this task the theoretical framework of bounding surface ͑BS͒ plasticity ͑Da-falias and Popov 1974; Dafalias and Popov 1975; Dafalias and Popov 1976; Krieg 1975; Dafalias 1986͒ was found to be most appropriate and perfectly suited to address the aforementioned particularities of the plateau response. This is because the plateau can be modeled in a straightforward manner as a fixed BS in stress space, i.e., a surface which does not harden or soften, a feature easily implemented for uniaxial or multiaxial stress loading, while the YS softens isotropically and hardens kinematically. Once the aforementioned cumulative plastic strain threshold e pl p is reached by either monotonic or cyclic loading, the BS begins to harden isotropically and kinematically, while the hardening of the YS is coupled to that of the BS. The analytical details of the model will be developed in the subsequent sections. It must be mentioned that the use of the BS theoretical framework including the plateau response and the initial softening of the YS in order to provide a multiaxial constitutive model for steel, has been presented in a series of well written articles by Shen et al. ͑1993͒, Mamaghani et al. ͑1995͒, and Shen et al. ͑1995͒ , and shown to be quite successful in simulations. There are two major differences between the aforementioned works and the present one. First, as it can be seen by the discussion in association with Eq. ͑5͒ of Shen et al. ͑1993͒, the yield plateau is considered as a constitutive entity entirely different from the BS, while in the present approach the plateau is the BS itself under no hardening conditions, a concept which simplifies and unifies the constitutive modeling in the preplateau and postplateau ranges. The second difference is that in the present work several features of simplicity are incorporated by means of more sophisticated kinematic hardening rules, while in Shen et al. ͑1993͒, Mamaghani et al. ͑1995͒, and Shen et al. ͑1995͒ use of concepts such as memory and virtual BSs present a level of complication that may not be desirable vis-a-vis the improvement in simulations; furthermore the switch from isotropic softening to isotropic hardening after the plateau range is not included, as is done in the present work.
Emphasis will be given to the formulation under uniaxial stress loading, because this is a tool to be used in a fiber-model approach for nonlinear analysis of slender beams and columns in structural mechanics. However, a section will be devoted in presenting briefly the analytical multiaxial generalization for future use in combined stress loadings. Applications will be restricted to uniaxial loading of samples, and various uniaxial loading histories will be simulated by the model. Due to the anisotropy that develops because of kinematic hardening the model is named with the acronym SANISTEEL, from the initial letters of "Simple ANIsotropic STEEL." In closing it should be mentioned that several of the ideas presented in this work, appropriately modified, appeared in the Ph.D. dissertation by SeyedRanjbari ͑1986͒ but have never been published in the open literature, except from reference and use of one particular kinematic hardening rule ͑named the DR rule later on͒ by Kyriakides and coworkers ͑Hassan and Kyriakides 1994a; Hassan and Kyriakides 1994b; Rong and Kyriakides 2009͒.
General BS Plasticity Formulation under Uniaxial Stress Loading

Basic Plasticity Assumptions
For small deformation elastoplasticity the basic kinematical assumption is that the total strain increment d decomposes additively into elastic d e and plastic d p strain increments according to
͑1͒
while under uniaxial stress loading the stress increment d is related to the above strain increments by
with E t , E e , and E p being the tangent, elastic and plastic moduli, correspondingly, and where based on Eqs. ͑1͒ and ͑2͒ one can derive the relation E t = E e E p / ͑E e + E p ͒. For a given elastic modulus E e , it is clear from the foregoing that the quantity of interest is the plastic modulus E p . Any modeling attempt will necessarily focus on its determination. This is not an easy task for complex loading histories which include multiple stress reversals in what is most commonly known as random cyclic loading, exhibiting such phenomena as cyclic creep, cyclic stress relaxation and ratcheting. The difficulty is exacerbated by the need to also describe within the same framework the plateau response of steel at the initiation of plastic deformations, as well as the plateau variation with monotonic and cyclic loading. It will be shown that it is possible to have in fact a very simple formulation within the BS plasticity framework.
Main Concepts of BS Plasticity
The basic premises of the BS concept are illustrated schematically in Fig. 1 . The solid lines show the actual stress-strain curve of a material while the dashed lines show the corresponding bounding stress-strain curve ͑bounds͒ with which the actual stress-strain curve converges upon continued loading; the bounds are shown as solid lines if the actual stress-strain curve has converged with them. Equivalently one may say that the actual stress , lying on the solid line, converges with the corresponding bounding stress , lying on the dashed line as shown in Fig. 1 . The and are related by the fact they correspond to the same plastic strain. Loading Loop 1 in Fig. 1 illustrates the role of the plateau as the corresponding bound before hardening begins. The role of bounds beyond the plateau range is further illustrated by the cyclic Loading Loop 2 and Curve 3.
The fundamental idea behind the BS concept is to first address the slow evolution of the bounding stress by the incremental relation
via the determination of a bounding plastic modulus Ē p which is the slope of the bounds in stress-plastic strain space ͑notice that in Fig. 1 the total strain is used͒. Subsequently the evolution of the actual stress is obtained from Eq. ͑2͒ with the plastic modulus E p related to the bounding plastic modulus Ē p by the relation
where the stress quantity ␦ measures the distance between the bounding stress and the actual stress , and h͑␦͒ is a properly defined function of ␦ such that h͑0͒ = 0. Fig. 1 illustrates the concept of the distance ␦ = − in the Reverse Loading Curve 3.
Since it is desirable to have always ␦Ͼ0, and because can become negative for loading toward compression while can be either positive or negative, the exact analytical definition of the stress distance ␦ in uniaxial loading is given by
where sign͑ ‫ء‬ ͒ means the sign of the quantity ‫.ء‬ When ␦ = − = 0 and h͑0͒ = 0, one has from Eq. ͑4͒ that E p = Ē p and it follows from Eqs. ͑2͒ and ͑3͒ that d = d , thus, the actual stress-strain curve coincides with the corresponding bound in extension or compression. Eq. ͑4͒ is the basic proposition of the formulation by Dafalias and Popov ͑1974, 1975 ; it differs from the one proposed by Krieg ͑1975͒ in that the latter does not include the Ē p in Eq. ͑4͒, hence, the stress-strain curve will not converge with the bound ͑except when Ē p =0͒ since eventually E p = Ē p while ␦Ͼ0. The underlying reason for the advantages of the BS approach is that it is much easier to model a slow varying quantity such as and then relate to it the evolution of the fast varying , rather than trying to model the evolution of directly, while at the same time preserving the all important role of the bounds.
Complete BS Formulation
In order to specify the yield points and the value of the bounding plastic modulus Ē p during any loading process, it is necessary to introduce isotropic and kinematic hardening features for the yield and bounding stresses, which are in fact the degenerated counterparts of the yield and BSs in uniaxial stress space given by f = 0 and F = 0, respectively. Thus, the following equations are introduced: 1. For the YS
where k = one-half the size of the YS, the latter perceived as a line segment of total length 2k on the stress axis and ␣ is its center ͑back stress͒. The k is assumed to be a function of the equivalent ͑cumulative͒ plastic strain e eq p whose increment de eq p = ͉d p ͉ in uniaxial loading and is always positive, describing isotropic hardening or softening ͑the latter is an important feature for the modeling of the plateau response͒. The derivative of k with respect to e eq p is denoted by kЈ. The kinematic hardening d␣ of the YS is expressed in terms of the modulus E ␣ p to be specified subsequently. Eq. ͑9͒ is the consistency condition for the YS and provides the important expression for the plastic modulus E p = E ␣ p + kЈ. Notice that the Ϯ in the above equations corresponds to loading toward extension or compression where the d p is positive or negative, respectively. 2. For the BS
where K = one-half the size of the BS perceived as a line segment of total length 2K on the stress axis and ␤ is its center. Similar to k, K is assumed to be a function of e eq p and KЈ denotes its derivative with respect to it. The kinematic hardening d␤ of the BS is given in terms of the modulus E ␤ p . The specification of E ␤ p will be based on a number of choices for d␤ presented in the sequel. Eq. ͑13͒ is the consistency condition for the BS and yields the important expression for the bounding plastic modulus
Coupling the yield and the BS equations:
Substitution of the expressions for E p and Ē p from Eqs. ͑9͒ and ͑13͒ in Eq. ͑4͒, yields
Notice that once the isotropic hardening saturates, KЈ = kЈ =0, and when ␦ = 0 and h͑␦͒ = 0 upon convergence of with , it follows from Eqs. ͑7͒, ͑11͒, and ͑14͒ that d␣ = d␤ and the two surfaces ͑points on the stress axis͒ move together. It is clear from the foregoing that a specific BS model under uniaxial stress loading needs specification of the quantities kЈ, KЈ, E ␤ p , and h͑␦͒ in order to specify the quantity E ␣ p from Eq. ͑14͒ and complete the formulation. A specific form of BS plasticity can be obtained by making different choices for the aforementioned four quantities as shown in the following section.
Isotropic Hardening
For the isotropic hardening or softening a realistic and simple assumption is expressed by the well-established relations
introducing the saturation values k s and K s for k and K, respectively, and the corresponding constants c k and c K which control the pace of evolution of k and K toward their saturation values.
Eqs. ͑15͒ and ͑16͒ can easily be integrated in closed analytical form to express k and K as functions of e eq p and their initial values k in and K in , shown in Fig. 1 to be identical in the case of the plateau response exhibited by steel. Notice that if the saturation values k s and K s are smaller that the current values of k and K, respectively, the kЈ and KЈ are negative and Eqs. ͑15͒ and ͑16͒ imply isotropic softening ͑shrinking of k and K͒. It will be seen that this happens for the kЈ of the YS but not the KЈ of the BS in the case of steel during the plateau phase.
Kinematic Hardening
For the kinematic hardening of the BS which is determined according to Eq. ͑11͒, there are several propositions for specifying E ␤ p . In the present development three such propositions are considered with the third being a novel one presented here for the first time.
The Armstrong/Frederick ͑AF͒ kinematic hardening
The Dafalias/Ranjbari ͑DR͒ kinematic hardening rule
The Dafalias/Taiebat ͑DT͒ kinematic hardening rule
The quantities sign͑␤d p ͒ and sign͑␤d͒ represent actually the quantity Ϯ 1; in addition one has sign͑␤d p ͒ = sign͑␤d͒ since d p and d have always the same sign. The very well known AF kinematic hardening was introduced by Armstrong and Frederick ͑1966͒. The DR kinematic hardening was introduced in SeyedRanjbari ͑1986͒ and used in Hassan and Kyriakides ͑1994a,b͒ and more recently in Rong and Kyriakides ͑2009͒, and the DT kinematic hardening rule is introduced here for the first time and is a conjugate concept to the DR rule as it will be explained in the sequel. All three kinematic hardening rules require two constants, h ␤ and c ␤ . The simpler linear kinematic hardening rule by Prager ͑1956͒ and Ishlinskii ͑1954͒ is obtained by setting c ␤ =0.
The AF and DT rules provide an upper limit or saturation value ␤ s for ␤ obtained when d␤ =0⇒ E ␤ p = 0, which from Eqs. ͑17͒ and ͑19͒ yields the value ͉␤ s ͉ = h ␤ / c ␤ . The DR rule has no upper limit since it becomes Prager's linear kinematic hardening under monotonic loading in tension or compression. Fig. 2 illustrates the differences and similarities of the three kinematic hardening rules by plotting a typical loading unloading sequence where both the bounding back stress ␤ evolution and the corresponding bounding stress = ␤ϮK for a constant K are shown on the same plot. Observe that the AF and DT rules behave identically for monotonic loading while in unloading the AF responds nonlinearly and the DT responds linearly with slope h ␤ . A comparison between the DR and DT models show that the former responds linearly with slope h ␤ in monotonic loading and nonlineraly upon unloading, while the latter shows exactly the opposite response in a conjugate way, i.e., it responds nonlinearly in monotonic loading and linearly with slope h ␤ upon unloading ͓observe the interchange of + and Ϫ in Eqs. ͑18͒ and ͑19͔͒. The DT model has not been tested so far in regards to ratcheting under a very high number of cycles measured in the hundreds, but its response to a lower number of cycles ͑low cyclic fatigue͒ can be seen to be realistic and comparable to the DR and AF models.
Stress Distance Dependence Function
The function h͑␦͒ of Eq. ͑4͒ can acquire different forms. Here the original suggestion by Dafalias and Popov ͑1976͒ will be adopted since it was proven to be an efficient assumption for the modeling of metals. Thus one has
where ␦ in = initial value of ␦ at the starting point of a loading process as shown in the Loading Curve 3 of Fig. 1 , and h 0 is a model parameter, called the shape hardening parameter, because its value determines the shape of the stress-strain curve. The h 0 can be either a constant or a function of ␦ in for a better simulation. The latter case was illustrated in Dafalias and Popov ͑1976͒, but here the former case of a constant value h 0 will be adopted for simplicity. Ways to correct possible overshooting of the stressstrain curve upon updating of ␦ in were discussed in Dafalias ͑1986͒.
Plateau Response
The analytical formulation of the plateau response described in the Introduction will be presented within the foregoing BS constitutive framework which is perfectly suited to describe this type of behavior. The fixed stress level during the plateau is the uniaxial manifestation of a BS which is fixed and undergoes no hardening or softening whatsoever, isotropic or kinematic. The YS is initially identical to the BS, hence, k in = K in , and the initial yielding in either tension or compression occurs at exactly the points where the plateau begins, Fig. 1 . As plastic deformation occurs on the plateau, the YS undergoes simultaneously isotropic softening ͑shrinks͒ and kinematic hardening ͑moves͒, which cancel each other to yield the zero slope of the plateau, while the BS remains fixed. The isotropic softening of the YS is determined by the saturation value of k at the end of the plateau phase, symbolized by k s , which is smaller than k in and enters Eq. ͑15͒.
Analytically it is very easy to describe the above. One must have for the BS KЈ = 0 and E ␤ p = 0, corresponding to no isotropic and kinematic hardening, which according to Eq. ͑13͒ yields Ē p = 0. On the other hand, when the stress is on the BS represented by the plateau, one has ␦ = 0 and h͑␦͒ = 0, thus, Eq. ͑4͒ yields E p = Ē p = 0 as expected. Hence, it follows from Eqs. ͑14͒ and ͑15͒ that E ␣ p =−kЈ =−c k ͑k s − k͒ Ͼ 0 ͑because k s − k Ͻ 0͒, and from Eqs. ͑7͒ and ͑8͒ that d␣ = ϯ dk for extension and compression, respectively. This is the analytical manifestation that the kinematic hardening cancels the isotropic softening yielding the perfectly plastic response on the plateau. Upon reverse loading, the material responds nonlinearly due to the ongoing isotropic softening and kinematic hardening as shown in Loop 1 of Fig. 1 , but the slope is not zero until the plateau is reached again in the opposite direction. During all these loading/unloading sequences within the plateau range one has KЈ = 0 and E ␤ p = 0 until e eq p = e pl p . After the plateau phase the BS begins to harden for the first time and the KЈ and E ␤ p acquire the values described in Eq. ͑16͒, ͑17b͒, ͑18b͒, and ͑19b͒, respectively, requiring the specification of the saturation value K s . Simultaneously the YS hardens kinematically as per Eqs. ͑7͒ and ͑14͒, and isotropically as per Eqs. ͑8͒ and ͑15͒ coupling its modifications to changes in the BS. The isotropic hardening of the YS, which follows its initial isotropic softening that brought the value of k to k s , is handled in a simple way by maintaining the constant ratio between k and K reached at the end of the plateau, i.e., by setting k / K = k s / K in . This can be achieved analytically if one uses kЈ = ͑k s / K in ͒KЈ instead of Eq. ͑15͒, thus one needs to specify only the K s which determines the KЈ from Eq. ͑16͒, in order to obtain the description of the isotropic hardening of both BS and YS.
Calibration of Model Constants and Simulations
Calibration
A typical process for determining the constants from data such as those shown in Fig. 3 is as follows. First, the elastic modulus E e can be easily measured from the slope of the elastic stress-strain curve. Then, the initial yield point provides the initial values k in = K in of k and K, respectively, and the plastic strain corresponding to the plateau provides the value of the threshold e pl p , shown in Fig. 1 . As already mentioned, at the end of the plateau range the isotropic softening of the YS brings the k from its initial value k in = K in to a smaller value k s ഛ k in , which can be measured by an unloading process close to the end of the plateau or immediately after it. The transition from k in to k s for a cumulative plastic strain e eq p = e pl p allows the determination of c k from Eq. ͑15͒. In the postplateau range, unloading/reverse loading processes and the convergence with the bound in the reverse direction provide the saturation value K s for K, which can be easily measured by the distance between bounds in extension and compression. The k is simply kept proportional to K as already mentioned, so no need for its measurement arises. Often it may not be necessary to introduce any isotropic hardening of the BS and YS after the end of the plateau and maintain K = K in = K s within some degree of approximation. The so defined initial and final values of K can then be used to identify the constant c K of Eq. ͑16͒. For clarity let it be repeated that the c k is used in Eq. ͑15͒ for the softening of the YS during the plateau response but not during the post plateau range where proportionality with K determines k, while the c K is used in Eq. ͑16͒ for the isotropic hardening of the BS in the post plateau range.
The next step is to identify the constants h ␤ and c ␤ associated with the choice of a kinematic hardening rule for the BS expressed by one of the Eqs. ͑17a͒, ͑17b͒, ͑18a͒, ͑18b͒, ͑19a͒, and ͑19b͒. For this task one needs to refer to a portion of the stressstrain curve after the convergence of the stress with a bound, so that what is measured is in fact associated with the bounding stress = b Ϯ K. Such a portion is the part of the monotonic stressstrain curve that follows the plateau range before unloading takes place in Fig. 3 . This hardening portion has a nonlinear shape. Such nonlinearity is the result of the combined effect of nonlinear isotropic hardening and kinematic hardening for the BS, which is either nonlinear according to the AF or DT rules expressed by Eqs. ͑17͒ and ͑19͒, respectively, or linear according to the DR rule expressed by Eq. ͑18͒. Having already specified the isotropic hardening of the BS by previous measurements, one identifies the constants h ␤ and c ␤ for the kinematic hardening of the BS in such a way as to simulate best the foregoing nonlinear monotonic stress-strain curve, by a trial and error approach.
For the response before the stress converges with the BS, one needs to specify the all important shape hardening parameter h 0 of Eq. ͑20͒. In Dafalias and Popov ͑1976͒ there is a process by which a closed form expression for h 0 is found based on half a loop, but it was found that once the model is implemented in a simple uniaxial code, a simple straightforward trial and error approach will easily determine the best value for a constant h 0 . It is sufficient to observe that higher values of h 0 yield stiffer curves. All of these curves naturally lie within the bounds which renders the calibration of h 0 a relatively easy task.
Simulations
The foregoing set of relations can be applied in a straightforward incremental process to obtain a stress-strain curve as follows. A given state is defined by the current values of ␣, ␤, k, and K from which = ␣Ϯk and = ␤ϮK. With the model constants already known one can determine KЈ and kЈ from Eqs. ͑15͒ and ͑16͒, Ē p = E ␤ p + KЈ with E ␤ p given by the equations corresponding to the selected kinematic hardening rule ͓Eqs. ͑17b͒, ͑18b͒, and ͑19b͔͒, and E p = Ē p + h͑␦͒ using the expression ͑20͒ for the h͑␦͒ with ␦ = − . Given a total strain increment d, the stress increment 
where the E ␣ p is obtained from Eq. ͑14͒ and the Ē p , E ␤ p , KЈ, and kЈ are already known. This completes an incremental step which can be repeated for the next increment monitoring always if the stress is on the YS ͑i.e., if = ␣Ϯk͒ and if the stress or strain increment induces plastic loading or elastic unloading. Last but not least, one must monitor the e eq p so that as long as e eq p Ͻ e pl p the plateau phase is active, hence K = K in , ␤ =0, KЈ = E ␤ p = 0, and Ē p =0. The experimental data presented in Figs. 3͑a-c͒, 4͑a-c͒, and 5͑a-c͒ are denoted by small circles and were obtained by Ma et al. ͑1976͒ for the same steel material. Their simulations are obtained using the constants in Table 1 , primarily obtained as described in the previous subsection from the data in Fig. 3 , and are shown in the same figures with the data. The simulations are obtained for each one of the three kinematic hardening rules proposed for the BS. The constants are the same for the AF and DT kinematic hardening rules because these two versions respond in identical nonlinear ways for monotonic loading shown in Fig. 3 which is mainly used for calibration, while their small difference in unloading/reverse loading ͑see Fig. 2͒ does not warrant any change. For the DR kinematic hardening rule there is a change in the values of h ␤ and c ␤ compared to the previous two rules to compensate for the fact that the DR is a linear kinematic hardening for monotonic loading. Since the three kinematic hardening rules for the BS have some differences, more so between the DR and the pair of AF and DT, fine tuning yields slightly different values for h 0 because the YS response is effected by the BS kinematic hardening. All kinematic hardening versions produce similarly successful simulations with some clear advantage of the DR and DT over the AF rules. In particular observe that although the AF and DT have the same constants and, therefore, simulate identically the monotonic stress-strain curve in tension where the rules are same, overall the DT has a slightly better fit than the AF after load reversals due to their difference in reverse loading as shown in Fig. 2 . The greatest deviation for all versions is observed in the simulation of the compression data of Fig. 5 , but one can also notice that the data of this figure differ from the data of Figs. 3 and 4 in compression following tension loading. Observe from Fig. 3 that the monotonic nonlinear stress-strain curve following the plateau is simulated better by the AF and DT than the DR kinematic hardening rule, because the former two are nonlinear while the latter is linear and relies only on the nonlinearity of isotropic hardening for simulation of the curve, which is not enough. This monotonic part of the tension stress-strain curve of Fig. 3 is also shown by a thicker line in Figs. 4 and 5 and observe that the stress-strain curves obtained after cyclic loading within the plateau are slightly above the monotonic curve, for both data and simulations. The reason is very simple; the plateau ceases to exist as e eq p reaches the threshold e pl p under cyclic loading at smaller absolute plastic strain value than under monotonic loading, and therefore the hardening of the BS begins at smaller strain which sends the stress-strain curves higher. The tacit assumption is made that the cumulative plastic strain threshold for the disappearance of the plateau is the same for either monotonic or cyclic loading accumulation. This feature is a natural attribute of the model.
Generalization to Multiaxial Space
In multiaxial stress space the basic formulation of a classical Mises-type isotropically and kinematically hardening model is as follows. The YS equation is given by
where the s and ␣ represent the deviatoric stress and back-stress tensors, respectively; k = measure of the size of the YS ͑the same as the k of the uniaxial case͒; and a = symbolizes the trace of the product of two adjacent tensors. The factor 3/2 guarantees that under uniaxial stress conditions Eq. ͑21͒ yields Eq. ͑6͒ where ␣ 11 = ͑2 / 3͒␣. The equations for the increments of the plastic strain tensor p , scalar k and back-stress tensor ␣ are given by
where = loading index or plastic multiplier enclosed in the Macauley brackets ͗ ͘ such that ͗͘ = if Ͼ0 and ͗͘ =0 if ഛ 0, the unit traceless normal to the YS tensor n = ͱ 3 / 2͑s − ␣͒ / k, the dk expression is based on Eq. ͑15͒ recalling that kЈ = dk / de eq p with de eq p = ͱ ͑2 / 3͒d p : d p in the multiaxial setting and where use of Eq. ͑22͒ was made in deriving the last term of the right-hand side of Eq. ͑23͒; the ␣ is to be specified subsequently when the coupling with the BS is established. The consistency condition df = 0 in conjunction with Eqs. ͑23͒ and ͑24͒ and the observation that ‫ץ‬f / ‫ץ‬s =−‫ץ‬f / d␣ =3͑s − ␣͒ = ͱ 6kn yields the value of the loading index as with the multiaxial plastic modulus K p given by
Eq. ͑26͒ is the generalization of the expression ͑9͒ for the uniaxial plastic modulus which in conjunction with Eq. ͑15͒ for kЈ reads
Clearly the last term ␣ : n of Eq. ͑26͒ corresponds to the uniaxial quantity ͑2 / 3͒E ␣ p . The BS is defined in multiaxial stress space by an equation analogous to Eq. ͑21͒ for the YS as
where the s = bounding deviatoric stress; ␤ = back-stress associated with the BS; and K = measure of its size, same as K entering Eq. ͑10͒. The correspondence between s and s is determined such that the unit normal n on the BS at s is the same as the n on the YS at s. The YS and BS are shown in Fig. 6 as circles with radii ͱ 2 / 3k and ͱ 2 / 3K, respectively, centered at ␣ and ␤. The n can therefore be equivalently defined by the expressions n = ͱ 3 / 2͑s − ␣͒ / k = ͱ 3 / 2͑s − ␤͒ / K. Based on the similarity of the two surfaces and the ratio K / k of their sizes, the correspondence ͑mapping rule͒ between s and s is expressed analytically by
Therefore, a tensor-valued distance ␦ between s and s, can formally be defined by
and shown in Fig. 6 . It will be expedient to introduce a scalarvalued stress distance based on the definition of ␦ in Eq. ͑29͒ such that under uniaxial stress conditions it becomes identical to the distance ␦ introduced earlier in relation to the uniaxial formulation. Observing that in uniaxial conditions s : n = ͱ 2 / 3 and s : n = ͱ 2 / 3 , one can formally define a multiaxial stress space scalar-valued distance by
The evolution of K is identical to the one for the uniaxial case and as in Eq. ͑23͒ for the k one has
and the bounding plastic modulus K p at s. Generalizing Eq. ͑4͒ and adopting Eq. ͑20͒ with the distance modified as per Eq. ͑30͒ one has
where the factor 2/3 is placed because under uniaxial stress conditions one can show that K p = ͑2 / 3͒E p , thus, one has the same value of h 0 in both uniaxial and multiaxial. Notice that the ␦ in is the tensor-valued distance at the initiation of a loading sequence. The appearance of the Macauley brackets ͗ ͘ in the denominator is justified as follows. While in the uniaxial case the ␦ in is updated at each loading direction reversal after unloading, in the multiaxial case one may have a drastic change of loading direction by almost neutral loading around the YS without ever unloading. Such drastic change of loading direction is captured by the fact the quantity ͑␦ in − ␦͒ : n inside the brackets becomes negative passing through zero when there is a large change of the ␦ and n while the ␦ in remains fixed. Hence, the Macauley brackets will render the denominator equal to zero signaling a new loading process which requires an updating of the ␦ in to the value of ␦ when the denominator became zero. The event ͑␦ in − ␦͒ : n =0 at the denominator can be easily treated numerically by adding a positive small number outside the brackets. Problems and remedies of possible "overshooting" by such updating process have been addressed in Dafalias ͑1986͒ and will not be presented here.
It is only left to specify the all important kinematic hardening of the YS by coupling it to the evolution of the BS. It requires the specification of d␣ ͑or ␣ ͒ in Eq. ͑24͒. From s = ␣ + ͱ͑2/3͒kn and s = ␤ + ͱ͑2/3͒Kn, according to Eqs. ͑21͒ and ͑27͒, respectively one can form the difference of the differentials ds − ds, assuming that n remains fixed, and solve for d␣ to obtain
From Eq. ͑29͒ and the tacit assumption that d␦ takes place along ␦, one has ds − ds = d␦ = dM␦ with dM to be specified. Forming the n : ͑ds − ds͒ = dMn : ␦ and recalling that = ͑1 / K p ͒n : ds = ͑1 / K p ͒n : ds one has dM =−͗͑͘K p − K p ͒ / ␦ : n and accordingly ds − ds = dM␦. Thus, based on the above, the expression d␤ = ͗͘␤ , Eqs. ͑23͒ and ͑31͒ for dK and dk, and Eq. ͑36͒ for K p − K p , Eq. ͑37͒ yields after some rudimentary algebra
where the definition of ␣ is clear. The analytical expression for ␤ follows from Eqs. ͑33a͒, ͑34a͒, and ͑35a͒ according to the choice of kinematic hardening for the BS. If the value of ␣ from Eq. ͑38͒ is inserted in Eq. ͑26͒ and use of Eq. ͑32͒ is made, the key Eq. ͑36͒ follows. The BS formulation is now complete and the central Eq. ͑22͒ can be implemented in a classical elastoplastic constitutive framework since all the necessary ingredients leading to the specification of d p are determined. To describe the plateau response for structural steel, one follows exactly the procedure of the uniaxial formulation, i.e., as long as e eq p Ͻ e pl p the BS does not harden isotropically or kinematically which means K = K in = K s and ␤ = 0, while the YS softens isotropically and hardens kinematically according to Eqs. ͑23͒ and ͑24͒. If in addition the stress is on the BS at the plateau, one has ␦ = 0 and Eqs. ͑23͒ and ͑38͒ yield d␣ =−͗͑͘2 / 3͒c k ͑k s − k͒n =−ͱ͑2 / 3͒dkn which is the counterpart of the uniaxial relation d␣ = ϯ dk showing the annihilation of the kinematic hardening from the isotropic softening. The structure of the equations is such that once the model constants have been calibrated based on uniaxial data, they can be used as are for the multiaxial formulation.
Conclusion
The developed SANISTEEL model is aimed at providing an easy to use, yet complete and rigorous, constitutive model for the structural steel response under various loading conditions, monotonic or cyclic, periodic or random. This ability to address all these various loadings is due to the underlying framework of BS plasticity. While there are many models for metal plasticity with or without the BS concept, what distinguishes the present SANISTEEL model is the particular handling of the plateau type of perfectly plastic response at initial yield before regular hardening resumes. The BS framework is ideally suited to handle such a response because it only suffices to identify the plateau itself with a fixed and nonhardening BS for as long as the plateau persists, controlled by a cumulative plastic strain threshold. This is necessarily supplemented by isotropic softening and kinematic hardening of the YS within the BS, a constitutive ingredient which allows also the description under unloading/reverse loading, while the plateau is still active before the plastic strain threshold for its existence is reached. Once the cumulative plastic strain threshold is exceeded, the usual BS formulation with kinematic and isotropic hardening of both yield and BSs applies. In the process novel kinematic hardening rules for the BS are presented.
The development is mostly focused on the uniaxial stress case where also various successful data simulations are made, after a detailed discussion of the calibration process for the model constants. Such uniaxial formulation can be very useful for the analysis of structural members ͑beams and columns͒ for which the fiber method is used. However, the very structure of any BS plasticity model allows for an easy multiaxial stress generalization, and this is also accomplished in a brief but complete way at the end of the paper.
